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PRELIMINARY VERSION 



Definition 0. Suppose that A < k are cardinals and T is a subset 
of (k, k + ). By D Ki<A (T), we mean the principle asserting that there 



is a sequence {T v \ v G lim(r)) such that for every v G lim(T), the 

following hold. 

O . 

|> . (1) 1 < card(^) < A 



ON 

td ■ (a) c c v n r 



(2) The following hold for every C G T v . 



(b) C is club in v 

(c) o.t.(C) < k 

(d) 17 g lim(C) =► V n C G T v 

By D K)A (T) we mean D K<A +(r). If T = (k, k + ), then we write □«,<> 
for D Ki<A (T) and D KjA for D KiA (T). 

R.B.Jensen's principles D K and D* are equivalent to D Kl and D KK 
respectively. The strongest of these principles, D K , was recently proved 
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2 ERNEST SCHIMMERLING 

by Jensen to hold at all k in the core model for non-overlapping se- 
quences of extenders ("below 0^", see ||J2||). This improves the result 

in 



Sch], that D Ki 2 holds in the same model. In reverse chronological 



order, both results build on [|Wyj| , [ |Wc|| , JSJ, and |JI 



Here, and in IBchll, the focus is on inner models of W.J.Mitchell and 



J.R.Steel, introduced in [MiSt|| . These are models of the form L[E], 
where E is a sequence of partial extenders; overlapping extenders are 
permitted. The core model for one Woodin cardinal was introduced by 
Steel in [ Stl|| . This model, called K, is of the form L[E]. 



Assume that there is no inner model with a Woodin cardinal. That 
various instances of D Kj a hold in L[E] was shown in |Sch[| . For example, 



□ K holds for all k < A, where A is the least measurable cardinal of 
Mitchell order A ++ . We showed that □«,<« holds in L[E] at every k, 
and used the proof to get a lower bound of one Woodin cardinal on 
the large cardinal consistency strength of some stationary reflection 
principles. We showed that D KjC /( K ) holds for all k in L[E], in fact, 
that, 

( K +f = ( K +) L i s \= > v\=n KtCnK) , 

which implies the same lower bound on the consistency strength of the 
Proper Forcing Axiom. 

We would like to prove that D K holds in ~L[E], but we don't know how. 
In this paper, we prove the theorem below, which subsumes the results 
mentioned in the previous paragraph. Using [|St2| , the theorem extends 
naturally to meek models (rather than 1-small), and hence to the core 
model for a proper class of Woodin cardinals of [Bt3J. We expect that 



the methods of ||SchSt|| will yield extensions to tame models, but this 



is not entirely worked out yet. 
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About the relationship between the various principles K) \, we have 
the following information. Under GCH, if k is regular, then □* holds 



(see pl|). In ||BM|| , it is shown that D^ + -iD^ is consistent relative to 
the existence of a supercompact cardinal. S.Todorcevic's showed that 
PFA implies that D K ^ fails for every k > Ki (the required modification 
of Jl]] was shown to the author by M.Magidor; see |Schj , 6.3]). More 
recently, Magidor showed that PFA is consistent with Vk □ k ,k 2 - An 
argument due to R.M.Solovay can be adapted to show that if A is a 
limit cardinal, and k < A is A + -strongly compact, then Da,<a fails; 
moreover, if cf(A) < k, then D* fails (this fact shown to the author by 
A.Kanamori; see [|SRK|| ). Jensen showed in [J2| that if there is a Mahlo 



cardinal, then 0^,2 + ~ , 0^ 1 holds in a forcing extension. 

Corollary 2 follows from Theorem 1 using Steel's result in [Stl|, that 



the background certified core model, K c , satisfies the weak covering 
property "almost everywhere". Corollary 3 follows directly from The- 
orem 1 and the weak covering property for K proved in |MiSch|| . Ex- 



tensions to tame mice are possible, using the methods of [(5chSt|| , and 
will appear elsewhere. 

Theorem 1. Suppose that LfE] is a 1-small weasel, all of whose levels 
are iterable. Then for every k, D K<a; holds in L[E]. 

Corollary 2. Assume that there is no inner model with a Woodin 
cardinal, and that k is a measurable cardinal. Then D Ki<LJ holds in V. 

Corollary 3. Assume that there is no inner model with a Woodin 
cardinal. Suppose that k is a singular cardinal such that (V K +) # exists. 
Then D Kj<w holds in V. 

Proof of Theorem 1. We shall assume that the reader is familiar 
with |MiSt|1 and §§1-4 of ||Sch|| . The proof here shall incorporate the 
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ideas of §5 of ||Sch|| , plus a few new ones. Unfortunately, Lemma 4.3 of 
Sch| is false (an error occurs in the proof of 4.3(a)). However, there is 



a way of avoiding the use of Lemma 4.3 in the proofs of weak square 
given in §5 of |[Sch|| . It should be apparent from the proof that we are 



about to give, what modification to §5 of |Sch|| is required. 



Work in L[E]. Consider any cardinal a. Let T be the collection of 
local a + 's, that is, the collection of limit ordinals 5 such that 

Js t= "a is the largest cardinal" . 

For any 5 G T, let (3(5) be the least (3 such that 

Jp+\ N card(<5) = a. 

For any premouse M. and for any integer n, by the S n coding struc- 
ture for Ai, we mean the structure A n (M) given by definition 2.7.1 or 
2.7.2 of [|Sch|l . For any 5 G T, we define an integer n(5) and a struc- 
ture M(5) in two cases, as follows. If Js is a type III mouse, so that 
(3(5) = 5, then we set n(5) = 1 and Af(5) = Js- Otherwise, we let 
n(5) be the least integer n such that p n (J/3(5)) = at, and let J\f(5) be 
the £„(<$)_! coding structure for Jp(S)- The reason for the lack of uni- 
formity in the definition is that when J§ is a type III mouse, the So 
coding structure for Js is (Js) sq , the squash of Js, which has ordinal 
height a; in particular, 5 is not contained in (Js) sq - Nevertheless, in 
all cases M(5) is an amenable structure over which 5 is Ei-collapsed. 

Now fix the cardinal k for which we are showing D K><W . To avoid 
technicalities, assume that k is a limit cardinal (the other case follows 
already from results in |fSch||, or by an easy modification of what's to 



come). Let SC be the collection of a < K such that o(a) > k + , where 
o(a) = sup({z/ | crit(£ , v ) = a}) 
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(with the possibility that o(a) = OR in mind). Let A < n + be large 
enough so that if A < v < k + and crit(E v ) < k, then crit(-Ev) e SC. 
Let r = T K — A. Note that T is club in k + , so it is enough to prove 
□ K)<CJ (r), which is what we shall do. 

Given an extender F, let s(F) be the dodd-parameter of F and let 
t(F) be the dodd-projectum of F. That is, define s(F) to be the 
longest parameter 

s = {s > ■■■ > Si} 

such that whenever < k < i, we have that S& is the largest element 
of 

{£ > crit(F) | £ is an F-generator relative to (s \ k)}, 

and then put 

r(F) = sup(crit(F) + U {£ | £ is an F-generator relative to s(F)}). 

This notion is discussed in §3 of | fScb| ] . In the obvious order, (s(F), t(F)) 
is the least pair (s,r) with r > crit(F) + , such that F and F \ (r U s) 
have the same ultrapower. If M. is a structure that interprets the re- 
lation symbol F as coding an extender or partial extender, then we 
define s{M) = s{F M ) and r(M) = r(F M ). 

We make some remarks and set some notation. Recall from IIMiSt 



that the language of potential premice (ppm's) has only the relation 
symbols G, E, and F, but that the fine structure for ppm's is based on 
the same language expanded by the constant symbols /i, z>, and 7. To 
us, a ppm will be a structure in the expanded language, what is called 
an "expanded ppm" in |MiSt|] . In fact, having the constant symbols 
around only makes a significant difference in the active, type II case. 
If A4 is a passive ppm then fi M = v M = 7^ =0. If M. is an active, 
type I ppm, then fi M = crit(F M ), u M = (fi + ) M , and 7^ = 0. And 
if A4 is type III, then it is A4 sq rather than A4 over which we base 
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the fine structure of Ai. If M. is an active ppm, then the following 
relationships hold. 

M is type I =► s{M) = A t{M) = u M = (fi + ) M 
M is type II =► s(A4)o = z> M - 1 

jM is type III =► s(M) = A r(7W) = z> M . 

Partition T into the following three pieces (no one of which need be 
club in k + ). Let Thuii the collection of v G T for which at least one of 
the following hold. 

(a) n(u) > 1 

(b) Jp(v) is passive 

(c) (/i+^M > V 

(d) J/3( u ) is type III and r(J^ v )) > v 

Let T triv be the collection of v G T such that 

^ £ r hu „ A (/i+)^M < v < r{J m ). 

Finally, put v G Tuf t if and only if v G T and r(j7a(^)) = k. It is 
straightforward to see that {Thuii, ^triv, ^uft} is a partition of T. At 
times we shall also refer to {T^ ull , T" riv , T^}, which we take to be the 
analogous partition of r a . 

In §2 of | fSch| |, it is shown how to construct a sequence 



B hu u = (B huU (u) | v G lim(r) n T hull ) 

such that for any v G lim(T) fl Thuii, 

(a) B hu u(v) is club in v n T 

(b) o.t.(5 Mi (^)) < K 

(c) 17 G lim(S^;(^)) =>- ( F G lim(r)nr feMZ/ A B hu u(V) = VnB hu u(u) 
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The method for defining Bf iu u is an extension of Jensen's method for 
proving D K in L, called the method of "taking hulls" . Our intuition is 
that Bfi U u(u) is our basic club subset of v when v G ^huii- We shall 
define B tTiv shortly, and then B% and B-$ (both corresponding to Tuf t ) 
somewhat later. 

Using Lemma 4.4 of ||Sch| , we see that if v G T triv , then 

Jp(u)+i t= ci(u) = u. 

This means that \3 K {T triv ) is trivial. For each v G limr ir j„, let B triv {y) 
be the least set C in the order of construction such that C C z/ n T, C 
is cofinal in z/, and o.t.(C) = u>. Set 

^trt« = (Btriv(v) | z/ G lim(r tr , i?) )). 

We caution the reader that we are, by no means, done with the case 
v G ThuiiUTtriv We shall come back to this case again after considering 
the case v G ^nft- (Remark: we shall see that Tuf t C lim(r)). 

Next partition r^ into two pieces as follows. Let 

r = {p G T lift I s(J m ) = 0} 

and let T_,0 = Tnf t — T$. Then 

r = {v G r K / t | ^( V ) is type III }. 

For now, fix v G Vuf t and put (3 = f3(v), F = Ep, \i = crit(F), and 

s = {s > ■■■> s e } = s{F). 

Then t(F) = k. Note that \x G SC, because v > A. Since fj, < k, 
F is an extender over all of L[E]. Let W = ult(L[E],F), and let 
j : L[E] — > W be the ultrapower map. 

Consider an arbitrary 5 G T M . Let Q$ = u\t(Af(S), F \ (k U s)), and 
let 

is : M(8) — . Q 5 
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be the ultrapower map. Put \$ = (k + ) Qs . Let k$ : Qs — > j(Af(5)) be 
given by 

k s ([aUsJ}^l Us) )=j(f)(aUs) 
for fe \Af(5)\ andaG [k] <u >. 

Remarks. To indicate the dependence on v of Qs, is, Xs, ks, etc., 
we shall sometimes write Q u s , i u s , X u s , k v 8 , etc. In §5 of ||Sch|| , we were 
writing ug for what corresponds to \$ here. 

Lemma 1.1. With v G Tuft, the following hold for sufficiently large 5 
in r M . 

(1) (a) ks is an almost Ex-elementary embedding of Qs into 

j(Af(S)) = (Af(j(8))) w 
(b) 5 e r? ift =► 

fc<5 is a cofinal, Si-elementary embedding of Qs into 
j(Af(S)) = (Af(j(8))) w 

(2) k < \s < v and Xs = crit^) 

(3) x 5 e r 

(4) dom(E) n 0, 5) ^ 

(5) 0<m<f^Ff(s m U(sfm))e ran(/c 5 ) 

(6) Q«5 is 1-soundand 1-solid, pi(Qs) = k, andpi(Qs) = is(pi(Af(8))U 
kj\a) 

(7) 8gT $ => Q, =A/"(A 5 ) A n(A,)=n(<J) 

(8) (a) 5 G T^ =► A 5 G r fcu „ 

(b) 5 G Itfe =► X s G r«„ 

(c) ier^Aie i\ 

We make a few comments before giving the proof. With regard to (7) 
and (8), the case 5 G To, will be discussed further in Lemma 1.4. The 
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set F \ (s m U (s I" m)) in (5) is called the m'th do dd- solidity witness 
for F. In case we forget to mention it later, clause (4) is used to know 
that i7/3(<5) satisfies the technical hypothesis of the strong uniqueness, 
Theorem 6.2 of IMiStll and of the condensation result, Theorem 2.8 of 



3ch 



Proof of 1.1. The proofs of (l)-(8) are the content of claims 1-5 (and 



environs) of the proof of Lemma 5.6 of |(3ch| , but we shall remind the 
reader of the main ideas. 

Clause (1). Put a = sup(j "(OR n \Af{6)\)). Then k s is a cofinal 
Ei-elementary embedding of Q$ into j(M(S)) \ o. For (b), notice that 
j is continuous at (3(5) when (fi + )^( s '> < /i, which is the case when 

5 g r H/t . 

Clause (2). To assure that A^ > k, take 5 large enough so that for 
some / G Jf and some a e [«] < ^, n = j(f)(aU s). That \$ < v follows 
from the amenability of J$. 

Clause (3). To be sure that 5 G T, we take 5 large enough so that 
X 5 > A. 



Clause (4). It is easy to use Theorem 8.2 of ||MiSt|| to see that 
dom(E) n fj+ ^ 0. 

Clause (5). The dodd-solidity witnesses for F are elements of Jg, by 
Theorem 3.2 of |Sch] . Take S large enough so that there is a function 



/ G Jf and an a G [k] <uj such that 

F K^U(s tm))=j(/)(oUs). 
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Clause (6). First note that 

Qs = H? s (k U i s (px(N(5))) U kj\s)) 

since J\f(5) is 1-sound, and by the definition of Qg. So pi(Q) = K and 
it is enough to see that the parameter is(pi(M(S))) U kj (s) is 1-solid 
over Qs, in the sense of [|MiSt| . Say that 



Pl (M(5))=p={ Po > ■■■>p e ) 
That is(p) is 1-solid over Qs means that 

Th? s (i s (p m )U{i s (p) \m))e\Q s \ 
whenever < m < e. But this is true by the proof of Lemma 4.6 of 



MiSt|| , which shows how 

Th?{i s {p m )U(i s (p) \m)) 

is E -definable over Qs from 

{riUis(Thf S) (p m U(p\m))) ; 

note that we are using the 1-solidity of J\f(5). We must also see that 

Thf s (kJ 1 (s m )Uts(p)U(kJ 1 (s) \m) G \Q 5 \ 

whenever < m < L Fix m and let V = vit(J\f(S),k s ' 1 (F \ (s m U (s \ 
m)))), 

a : Af{8) — ► V 

be the ultrapower map, and n : V — > j(Af(5)) be the natural embed- 
ding such that j = TV o a. Since J\f(5) and k~^ l (F \ (s m U (s \ m))) are 
members of Qs-, so is V. A simple calculation shows that 

Th^{kJ l {s m )Ui s {p)U{kJ l {s) \ m)) =Th^(n- 1 (s m )Ua(p)U(a-\s) \ m)). 
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Clause (7). Suppose that S G" Fq, so that j(Af($)) is the £n(5)_i cod- 
ing structure for (J/?(;/(5))) w - Because (l)-(6) hold, we may apply En- 
condensation, Theorem 2.8 of ||Sch|| , to conclude that Qs = (Af(Xs)) w . 



But since L[E] and W agree below v, Qs = A/" (A 



5 



Clause (8). By (6), we just need to examine Qs- That (a) holds 
is immediate from the definitions. Suppose that 5 G F% riv , that * s ' 
5 G' r^H and (fi + ) J ^ 6 ) < 5 < r(J^s))- Since /x = crit(F) is a limit 
cardinal, 

(/i+)^W = (fi J ^)) + < n, 

and so 

(fi + ) Qs = (/ i J "w))+ < /i < « < A 5 . 

By Theorem 3.2 of [|Sch|] , Jp(s) is dodd-amenable, that is, for every 

i < r(Jp {3 ), 

E m \{£Us(E m ))ejf {S) . 
An argument essentially the same as that given in Lemma 9.1 of [ |MiSt| |, 
using the fact that /i = crit(F) < r(j7g(5)), shows that t(Qs) = 
swp(i s u T(Jp(s))). Thus, 

r{Qs) > is{lj) > X s . 

Therefore, Xs G T triv . 

Finally, suppose that 5 G T^. As above, 

(fi + ) Qs = ((i J ew) + < // < K < X 5 . 

If we can show that t(Qs) = n, then we are done. Assuming otherwise 
implies that t{Q§) > Xs, since t(Qs) is a cardinal of Qs and t(Qs) > 
Pi(Qs)- Then Xs G T triv . As noted before, this implies that ci(Xs) = <jj. 
But 

cf(A 5 ) = d{(fi + ) Qs ) = d{{fi J ^) + ) > u, 
which is a contradiction. ■ Lemma 1.1 
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Definition 1.2. Let A u be the tail of T^ on which the conclusion to 
Lemma 1.1 holds. If z/ G r , then put Ba(u) = {\ v 5 \ 5 G A^} 



When the context is clear, we write A for A u . Notice that clauses 
(6)-(8) of Lemma 1.1 follow from clauses (l)-(5), as our proof showed. 
This will be important when we need to show that a particular 5 is in 
A. Notice that A is club in /i + and that, if v G T0, then B$(y) is club 
in v of order type /i + . 

We shall need to identify Jp(\ s ) in the case 5 G T^ (which was ex- 
cluded in 1.1(7) and 1.1(8)). This is the point in §5 of |Sch|| where a 
reference to the fallacious Lemma 4.3 is made, and needs to be cor- 
rected. So suppose that 5 G Ty, that is, J$ = Af(5) is a type III mouse. 
By Lemma l.l(l)(b), k$ '■ Qs — ► Jj[s) ls a c °fi na l Sx-elementary em- 
bedding. To apply condensation, we would need to know, at least, that 
k$ I" \Q s f\ is an almost Ex-elementary embedding of Q s s q into {Jjf & \) sq , 
but this is not true. In fact, Qs is not even a ppm, as it does not satisfy 
the initial segment condition on its last extender. 

Definition 1.3. Let M. be a structure that satisfies all the conditions 
for being a ppm except possibly the initial segment condition on F M . 
Put V = ult(.M, F M ) and let i : M. — ► V be the ultrapower map. 
Suppose that £ < i(fi M ) and £ is larger than any generator of F M . Let 
7 = (^ + )' P and let G be the (/i' M ,7)-extender derived from i. By the 
^-scaling of Ai, we mean the structure 

(J^,e,E v \ 1 ,G*) 

where G* is the amenable predicate coding G, namely (£, a, a, a:) G G* 

(fi M < C < (fi + ) M ) & (f < a < 7) & (a,x) G G n ([<j] <w x^) g Jj 
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Note that the ^-scaling of M. is not a structure in the (expanded) 
language of ppm's. By the trivial completion of Ai, we mean the 
^-scaling of A4 where £ is the strict supremum of the generators of F . 

Lemma 1.4. Suppose that v G ^uft and 5 G r fl A". Let <2* be the 
trivial completion of Q$. Then the following hold. 

(a) Q^is 1 -sound with s( Q 5 ) =p 1 (Q (J ) = fc^s) and t(Q s ) = Pi(Qs) = 

K 

(b) t(Q*) = k and s(Q*) = kg 1 (s). Moreover, pi(Q*) = K and 

z/GT =^ Pl (Q*) = 

cer^ Pl ((<2*, fc^*,))) = ^(s - {s }) 

(c) We may interpret the constant symbols fi, i>, and 7 in Q* in way 
that results in a premouse. In particular, there is an interpretation 
of 7 in Q* such that 

z/ G r ^ (Q*, p Q s, k, o) = j p{Xs) 

^r.,^ (Q*, ffl', k-\s ) + 1, 7 2 * ) = ^(a,) 
Moreover, in either case, n(Xs) = 1 = n(S) and J\f(\$) = Jp(\ s )- 

(d) Aj G T -<=*► v G r 

(e) z<j(/x) is the least ordinal £ > p such that £ = [o, /]f e . for some 

a G [/i] <w and / : [/t s *]l a l — ► /t 2 * 



Proof of 1.4. 

Clause (a). From Lemma 1.1(6), we already know that Qs is 1-sound 
with pi(Qs) = kj 1 ^) and pi(Qs) = k. Since k$ is cofinal and Sx- 
elementary, if £ is a generator of F Qs , then £ < ^(/i) = kj 1 {j{p)). 
Thus, t(Q,$) < z,j(/x). Also, since k is a cardinal, r(Qg) > ft. 
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,-1 



Claim. Suppose that £ < i<$(/i). Then £ = [cUfc { (s), /i]:^. for some 
c G [«] <w and some function 



Proof of Claim. By the 1-soundness of Q^, there is a Ei Skolem term 
r) and a parameter 6 G [Vc] <a; such that 

C = »7 e '[6,fc7 1 (a)]- 

Because the ultrapower map ^ is cofinal and Ex -elementary, there is a 
a < 5 such that 

Pick a G [/i] <w and g : /i" 7 * — >■ Jf-j s)+ such that 

^ \<r = [a,g]% s ; 
this is possible because 5 eTq. Let 

ft: [^Cjl-uaufc,- 1 ^)! ^^S, 

be defined by 

ft( u ) = ?? < ? (« a ' aUi,U ^ 1(s) )^6,aUbUfe7 1 ( S ) jM fc i - 1 ( S ),aU6Ufc i - 1 ( S )^ 

Then 

£ = i 5 (/i)(a U 6 U fc^s)) = [aU&U kj\s), h]f Qf . 

H Claim 



It follows from the claim that t(Qs) = K and that s(Qs) <iex k s 1 (s). 
But since Qs is 1-sound, p±(Qs) is the least parameter p such that 
Q s = H® s (k Up). Recalling that pi{Q 5 ) = kj^s) and that Q s = 
H l s (kU s(Qs)), we see that s(Qs) = k 5 ' 1 (s), and so we are done with 
(a). 
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Clause (b). From Definition 1.3, it is clear that s(Q*) = s(Qs) = 

kj\s) and that r(Q*) = r(Q 5 ) = k. Since 

|Q*| = i^XQ*) U s(Q*)) = H?'(k U kj\s)), 
it enough to see that 

T^ 1 c '(«u g u{fc7 1 (5o)})e|Q*| 

for every parameter g <; e;c A;^ 1 (s — {s }). Let g be such a parameter 
and let ip(u, v) be a Si formula in the language of Q* (no constant 
symbols). Then for any c G [k] <w , we have that Q* N y?[c, g] if and only 

if 

ae< (ki\s ) + ) Q s 3 V <((i + f* {jf\ g, # 2 * re, F s ^([e] <w xjf )) n ^[ c ,g]. 

But then TTip (k U g U {k7 1 (so)}) is S x definable over Qg from g U 
{K\ s o)}- Since g < ie:r V^s-Jsq}) andpi(Q 5 ) = kj^s), this implies 
that 

Thf («:UgU{A; 5 - 1 ( So )})G|Q,|. 

But OR 2 * = (A^OoH 2 * > («+) 2 * and E Q * = E Qs \ OR 2 *, so we 
are done. 

Clauses (c) and (d). First suppose that s = (that is, v G Tq). 
Then, using the elementarity of k$ and (a), we see that F Q is the 
trivial completion of E^ & \ \ k. It follows from the initial segment 
condition on jj[^ that Q* can be expanded to be a type III premouse, 



and that the resulting premouse is a level of JYL\ (note that k, being a 
cardinal, is not the index of any extender on a good extender sequence). 

T w — 7 



It is clear that Q* expands to be J^ = J\ s . 



Now suppose that s ^ 0. Let £ be the next generator of E^ s , after 
s . Note that £ < (s+) w = (3(v), so that E w \ (£ + 1) = E \ (£ + 1). 
It follows from the initial segment condition on 3^?g\ that E% is the 
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trivial completion of EW g s \ (so + !)■ The map fc^ restricts to a cofinal 
Si-elementary embedding of ( Q*, fi Qs , A; (5 _1 (so) + 1 ) into J/^ (in the 
language without the constant symbol 7). Lemma 4.1 of ||Sch|| implies 



that J^ \= rj[c, So] — 7 for some Si Skolem term 77 (for a formula without 
constant symbols) and some c G [k] <w - But then 7^ G ran^), and A;^ 
is a cofinal Ex-elementary embedding of 

into J7g (in the language of ppm's, including constant symbols), and 
the expansion of Q* is a premouse. From the definition of ppm's, it is 
clear that there is a Si Skolem term a (for a formula without constant 
symbols) such that J^ N a [7] = z> — 1 = s . Therefore, 

pi« Q*, a s *, fc^faO + i, r 1 ^))) =pi« or, kj\ So ) >, 

which we saw in 1.4(b) is equal to k~ 1 (s — {so})- It follows that Q* 
expands to a 1-sound premouse. Applying condensation, Theorem 2.6 
of | j5chH , we see that Q* (expanded) is an initial segment of J^. Clearly, 
Q* (expanded) must be Jp(\ s )- 

Clause (e). It is enough to prove the statement with Q* replaced by 
Qs- But then the statement is clear, since 

(K f]% 6 I a G M <w A / : [fi Q ^ — ft*} = ran(z 5 ) n OR s *. 

IH Lemma 1.4 

We are still considering an arbitrary v G Tuft, with (3 = f3(v), F = 
E/3, n = crit(F), etc. (there is no assumption on 8). 

Definition 1.5. Suppose that E is an extender over Ai, with \x = 
cht(E) and s = s(E). Let 5 G (/i, (jj, + ) m ). We say that 5 is ^-closed 
if and only if for every x C /i, if there are a G [S\ <u and / G Jg 4 such 
that a; = [a U s, /j^ 1 , then x G J/ 4 . 
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Lemma 1.6. Suppose that v G Tnf t , 5 G A, and 5 is F-closed. Let r be 
the longest initial segment q oipi(Qs) such that if M. = Hi(pUq) and 
7i : M. — ► Qs is the inverse of the transitive collapse, then 7T -1 (g) = 
Pi(M). Then r = i 5 {pi(Af(S))). 

Proof of 1.6. Recall that pi{Q & ) = i s (pi(N(5))) U kj 1 ^). So r as 
defined in the statement of the lemma is at least as long at is(pi(Af(5))). 

Claim. If H = H^ifiUp^Qs)), then (^i + ) n = 5. 

Proof of Claim. Suppose that x C /x and x G |7i|. Then there is a 
Ex-Skolem term 77, a parameter c G [/u] <a; , and an ordinal a < OR ' ' 
such that 

x = p n ^<tf(j)M[ Cj i 8 (pi(Ar{8))), K\*)\- 

This is by the 1-soundness of A/"(5) and the fact that is is a cofinal, 
Si-elementary embedding. Let 

/(„) = r ] Ar ^[c,p 1 (Af(S)), (u - u )} n u 

defined on [^]l s l +1 . Then / G jf and x = i s (f)(sU{p}) = [sU{p}, f]f . 
Since <5 is F-closed, x G J^ ■ ciaim. 

For contradiction, assume that r properly extends i$(pi(J\f(S))). Let 

and let it : M. — ► Qs be the inverse of the transitive collapse. By the 
claim and the fact that r contains is{pi{M{S))), we have that 
5 = (p+f^ < ^+)M < (/i+) w = s 

(where 7i is as in the claim). So (p + ) M = 8. By condensation, M. is 
an initial segment of Qs and hence of L[E]. But then .M = Af(S). This 
is absurd, since pi(.A4) = 7T -1 (r) is strictly longer than pi(J\f(8)). ■ 

Lemma 1.6 
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Definition 1.7. Let M. be a 1-sound, amenable structure. Suppose 
that a < pi(.M) Let r a (M) be the longest initial segment q of p\(M) 
such that if 7r : 7i — ► M. is the inverse of the transitive collapse for 
H{^(a U q), then 7r _1 (g) = pi(H). We say that a is switching for M. 
if ^(.M) is strictly longer than r a (M) whenever a < (3. 

Lemma 1.8. With v G Tnf t , 5 G A and 5 F-closed, we have that 

Moreover, if v G T^g and 6 is sufficiently large, then \x is switching for 
Qs. 

Proof of 1.8. That r^(Qs) = is(j>i(Af(6))) is just a restatement of 
Lemma 1.6. Assume that v G T-,0, so that s ^ 0. Let 

X = H 1 Q '(|i + U^(pi(JV((J)))U{so}) 
(the uncollapsed hull). 

Claim. If 5 is sufficiently large, then F \ So G ran(fc,j) and kJ 1 (F f 

so) e X. 

Proof of Claim. The initial segment condition on J$ implies that 
F \ s & Jp, so for large 5 we have that F \ s G ran^). Applying 
Lemma 4.1 of [ScE] to J$ gives a Sx-Skolem term 77 and a parameter 



a G [fi + ] <UJ such that 

F f s = 77^[ju,a,So]- 

It is important here that 77 is a Skolem term for a formula without 
constant symbols. Fix some 7 < [5 such that F \ s = r]^^[fi, a, s ]. 
Assume that 5 is large enough so that Jp \ 7 G ran (&,$). It is enough 
to see k~^ l (Jf3 \ 7) G X, for then 

fc^F r s Q ) = rj k ^ J ^[n,a,kj\so)} G X 
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The last predicate of J7^ |" 7 codes an extender fragment, so there is 
some £ < fi + such that F Jl3 ^ codes 

G = FD([ 7 ] <w xj|). 

Without loss of generality, 5o G A and 

ult(j|,G)N4 = 7 . 
Then G G ran(A;^) and it is enough to see that kJ 1 (G \ (s + 1)) G X. 
Now G f (s + 1) is the (/i, s + l)-extender derived from j \ \J\f(So)\, 
which in turn is the inverse transitive collapsing map: 

If we assume that 5 > 5q, then kJ 1 {G \ (sq + 1)) is the (/i, kJ 1 (so) + 1)- 
extender derived from the inverse transitive collapsing map: 

U(S ) = H\ sm5a)) (fi U i 6 ( Pl (Af(5 )))) — i s mS )). 



Since ran (2,5) U {fi, k s 1 (so)} <= X, we are done. 



Claim 



Thus both k 5 l (F \ s ) and Af(S) are elements of X. By the compu- 
tation done to prove Lemma 1.1(6), we have that 

Th? t (kJ 1 {s )Ui s (j>i^{S)))) G X. 

That is, the (£+ l)'st solidity witness for Qg is a member of X. There- 
fore, 

is( P i(Af(S))) U {^W} 
is an initial segment of r M +(<2,5), and the lemma follows. ■ Lemma 1.8 

Definition 1.9. If v G I\ , then let $" be the tail of 5 in {5 E A u \ 
5 is F-closed} for which // is switching for Q^. Put B^{v) = {A^ | 5 G 

When the context is clear, we write $ for $ 1/ . Notice that if z/ G T_,0, 
then $ is club in /i + and B^{v) is club in v of order type ^ + . We are 
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done denning the basic sequences B huU) B triv , B$, and B-,%. Next, we 
go back to considering an arbitrary v G I\ 

Definition 1.10. For each v G T, we define a finite set, Ai(v), of 
amenable, 1-sound structures. If v G T — r^ t , then let .M(^) = 
{/V(^)}. Suppose now that v G r^ t . For each a < k, define j a 
to be the least ordinal 7 such that 7 = [a, /] . & jl. for some a G [«] <w 
and / : [//^m]!®! — ► jj,^( v ). Notice that a 1— >■ 7^ is non-increasing, and 
therefore takes on only finitely many values. Whenever /i^M < a < k, 
let A^q, be the 7 a -scaling of Jp( v )- Let «M(^) be the finite set 

{Jj3{y)}U{M a I ii Jfi{v) < a G SC A.M a is 1-sound A pi(M a ) = s(E j3{y) )}. 

The idea behind Definition 1.10 is as follows. Suppose that v G T 
and that M. G M.(v). Using Ai, we shall define another collection of 
club subsets of v that are intended to anticipate the possibility that v 
is a limit point of the basic club subset for some 1/ G ^u/t — v. When 
v G T — Tuft, M. is just M{y). When v G Tnf t , we are allowing for 
the possibility that there is some 1/ G ^uft — v with vc\X,{Em v i\) = a, 
and some S G Tq, such that \ u s = v and i v s (a) = 7^, and <2£ = .M^ G 
.M(z/). Since we are supposed to be proving Kt<u , it is important that 
Ai(v) be finite. The next lemma is immediate from Lemmas 1.1 and 
1.4, and should make the point clearer. 

Lemma 1.11. If v G T lift and 5 G A", then Q£ G -M(A^) 

Definition 1.12 (long). Suppose that v G T and .M G TW(z^). 
Suppose that a < k and q is an initial segment of pi(Ai). Put 
s a , g = Pi(M) - q. Define ft£ 9 =Wf(oU g) and j£J : W£ g — M to 
be the inverse of the transitive collapse, and 8^i = (a + )' Ha 'i. We say 
that a is .M-g-reasonable if and only if 
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(i) a is a limit cardinal 

(ii) cnt(j£i) = a and j£i(o() > max(s U {«}) 
(iii) jag is cofinal in the ordinals of Ai 
(iv) r a fl 8£i is cofinal in 5£i 
(v) dom(i) n (a, 6£ q ) ± 

Assume that at least condition (ii) holds. Define F£\ to be the super- 
strong extender fragment derived from j£\, that is, 

F£ = {(a,x) G LO«)r x \HZ\ I ^ C [a]W A a G #£(*)}. 
Given any 5 G r a fl 5 a> g, we define 

(e?' , ) JM = uit(^(*), J Fjjjr(«u a )) 

and 

to be the ultrapower map and 

(kr) M : (Q? q ) M — ^HSNiS)) 
to be the natural map such that 

Define 

Finally (for Definition 1.12), we say that a pair (a, q) is .M-considered 
if and only if either 

a is .M-g-reasonable, 
or 

3u G r lift M = J m and (a, q) = (fi M ,$). 

Notation. Note that if v G T^j t , then /i^M < a whenever a and q 
satisfy condition 1.12(h), because /i^M is in every hull. We shall only 
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be interested in a that satisfy at least condition 1.12(ii), and so we 
can make the notational change below without fear of ambiguity with 
Definition 1.12. Suppose that v e ^u.ft- Then: 

OLD NOTATION: NEW NOTATION: 



F v 


rn J 0M 
%,0 


f 


jJp{ v ) 


s w 


„ J 0M 


(/i + ) J «") 


V0 


Qs 


(Qfyev 


i u s 


iify^ 


A 5 


(Xf)M^ 


k" 


{kf)J^) 


A u 


\ J 0(v) 


$^ 





As we often dropped the superscript V" in the old notation, we 
shall drop the superscript u Jm v )'' or ".M" in the new notation when 
the context is clear. For us, the two most important instances of a 
being g-.M-reasonable will be q = p\(M) and and q = r a (M). 

The definitions of the dodd-parameter and dodd-projectum extend 
in an obvious way to extender fragments (see [ MiSchStp . The following 



lemma implies that in all cases, s(F aA ) = s a ^ q and r(F as ) = k, and 
that F a ^ q is dodd-solid, dodd-amenable, and weakly-amenable. 

Lemma 1.13. Suppose that v e T, M. G M(u), and a is M.-q- 
reasonable. Let s = s aA = pi(M) — q, j = j a>q , H = TC a) q, and 
F = F 0)q . Say s = {s > ■ ■ ■ > si}. Then the following hold. 

(a) u\t(H, F \ (k U s)) = u\t(H, F) = M 

(b) 0<m<I^Ff(s m U(s[m))G \M\ 
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(c) Ve</c Fr(^U3)6|A<| 

(d) V5 < 8 a , q F n ([« U s] <w x J/ 4 ) g |M| 

Proof of 1.13. 

Clause (a). Suppose that x G |«M|. Since M. is 1-sound, there is a 

Ex-Skolem term 77, and a parameter a G [k] <w such that 

x = r] [a, s, q]. 

By 1.12(iii), there is a a < OR such that 

x = n M W[a,s,q]. 

Define / : [a] |aUs| — ► \H\ by 

f(u) = 7/ wr<r [«°> aUi ,« a>aUi , j' _1 (g)]. 

Then / G |W| and i = [oUs, /]£ = j'(/)(a U s). 

Clauses (b) and (c). Suppose that < m < £. Since M. is 1-solid, 

T/if (s m U?U(s tm)) G |M|. 

From this theory, we can easily compute F \ (s m U (s \ m)) inside M.. 
Clause (c) follows from the fact that iti(A4) = k. 

Clause (d). Given 5 < 5 atq , pick e G \TL\ such that e : a -» V(a) fl 
7Y ai q. Then for a G [k] <w and £ < a, 

(«Us,e(())GF «=* aUsGj(e)(0 

ThuS F n ([« U S] <W X J/ 4 ) G |X| ■ Lemma 1.13 

The following lemma is proved essentially as were Lemmas 1.1 and 
1.4, using Lemma 1.13 in the obvious way. 

Lemma 1.14. Suppose that v G T, M. g M.{y), and (a,q) is M.- 
considered. Then, for sufficiently large 5 G (a,5£i), all clauses of 
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Lemmas 1.1 and 1.4 hold for (a, q), in the obvious sense. In particular, 
Q£ q eM(\? q ). 

We next define a new family of club subsets of is, one for each triple 
(Ai,a, q) such that M. e -M(^), q an initial segment of p 1 (A / l), and 
a is .M-g-reasonable. It seems likely that for a fixed Ai, there could 
be infinitely many corresponding a; this entails a difficulty to be dealt 
with later. 

Definition 1.15. Suppose that is e T, At € .M(i') and (a, g) is 

.M-considered. Define A^ 1 to be the tail of T a fl <5;£1 on which the 
conclusion of Lemma 1.14 holds. Define 

D(M,a,q) = {()$«)" \6e A"} 

Notice that M. determines v. Also notice that Definition 1.15 is 
consistent with the definition of A"H given in the case v e ~^uu and 



/x,l 



7W = J/3[y)- U is E Tnf t with jj, = crit(Ep( u )), then, by definition, 
u ET 9 ^ Btt)(v) = D(is, Jp(f,),n, 0) 

The following lemma follows easily from what we have already estab- 
lished. Together with the existence of our sequences B hu u and B triv , 
Lemma 1.16 already implies that D K)K (T) holds. 

Lemma 1.16. Suppose that is e T and M. G Ai(is). Assume that 
(a, q) is .M-considered. Then the following hold. 

(a) 5 i— ► A^' 9 is a continuous, increasing, cofinal function from A Q!g 
into is. In particular, D(.M, a, q) is a club subset of v with 

o.t.( J D(At,o;, g)) < S a , q < a + < k. 
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(b) Suppose that 5 G lim(A a g). Let p = z^' 9 (pi(A/"(5))). Then a is 
Q^-p-reasonable and 

D(Q°«,a,p) = \? q nD(M,a,q). 

In Lemmas and Definitions 1.17-1.21, we are mainly concerned with 
the case in which s a>q = 0. 

Lemma 1.17. Suppose that v G T and Ai G .M(^). Assume that 
a is .M-g-reasonable, where q is an initial segment of pi(M), and s = 
s a, q = Pi(At) — g. Then the following hold. 

(a) Suppose that (3 > a and (3 is .M-g-reasonable. Suppose further 
that jp, q (P) = j a ,q(a). Then 

D(M,a,q) CD(M,(3,q). 

(b) The collection of (3 such that (3 is .M-g-reasonable and jp, q ((3) = 
3a, q {a) 

(c) If q = pi(A4), then there is a largest (3 such that (3 is .M-g- 
reasonable. 

(d) Suppose that q = pi{M). Suppose that 5 G A Q)9 and (3 G (a, k) 
are such that K = j a ,q(f)(o) for some a G [l3] <UJ and some / : 
[a]' a ' — > a. Let p = i^' q (pi(J\f(8))). Then a is Q^-p-reasonable, 



but /? is not Q?' 9 -p-reasonable. 



Proof of Lemma 1.17. 

Clause (a). Fix an .M-g-reasonable (3 > a with jp, q ({3) = j ajq (a). 

Suppose that 5 G A a>g . We must find e G A^ such that \^ ,q = Af ,<? . 

Let 

J = Jp,q°Ja,q '■ 'H^q > Kfrq- 
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Note that crit(j') = a and j(ot) = (3. Let G be the (a,/3)-extender 
derived from j. Let V = \ilt(J\f(5),G) and i : JV(5) — > V be the 
ultrapower map. Put e = (a + ) v . We show that this e works. 

Let k : V — ► j(Af(S)) be the natural almost Si-elementary embed- 
ding such that j I" |A/"(<5)| = koi. It is easy to see that e = crit(fc) < 8^ q 
and k(e) = 5p A . So e is a local (3 + less than S^ q , that is, e G T^ fl 5^. 

The verification that e G A^ amounts to checking that various 
bounded subsets of j a ,q(ai) = jp, q (/3) that are in the range of k^ ,q are 
also in the range of kg ,q , which follows from the (=^-) direction of the 
following easy claim. 

Claim. Suppose that £ < j a , q (a) = jp,q{0)- Then 

3a G [k] <u 3/ G Jf j a , g (/)(aUs) = £ ^ 36 G [«]«" 3g G Jf j^X&Us) = £ 

(=£■) Let b = a — (3 and c = a fl /?, and g(u) = j(f)(c U u). Then 
j/3,q{g)(b U s) = £. Since g G ran(/c) and is a subset of (3, we have that 

(•<=) Again, (7 G J^, so we may write g = j(h)(c) for some h E Jf 
and c G [/3] <w . Let a = c U b and /(«) = h(u c ' aUs )(u bUs ' aUs ). Then 

But now, using both directions of the claim, we see that X^ ,q = \^' q . 

Clause (b). Suppose that [3 is a limit of .M-g-reasonable ordinals. It is 
clear that clauses (i)-(iii) of Definition 1.12 hold at (3. This is enough 
to make sense of the definitions of jp tq , Sp :q , and Xg for 5 < 8p :q . 
It remains to see that 1.12(iv) and 1.12(v) hold. We show 1.12(iv), 
T/3 H 8/3 >q is cofinal in 8p tq , and leave 1.12(v) to the reader. 
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Since the function 7 h-» J 7 , 9 (7) is non- increasing on the Ai-q- reasonable 
ordinals below /?, {^7,^(7) | 7 < /3 is .M-g-reasonable} is finite. So, 
without loss of generality, (3 > a and j a ,q{pt) = j/3, q ((3). 

Let G be as in the proof of Clause (a), and for each 5 < 5 ajq , let 
V s = u\t(J\f(S),G) and e s = ((3 + ) Vs Let S = {e 5 | 5 < 5 aA }. The proof 
of Clause (a) shows that S C T^ fl ## ;9 and that A^' 9 = \@' q whenever 
<$ < &a,q- Let e = sup(S'). If e < S^ q , then using the proof of Lemma 
1.13(d), we get that Af 9 < v. But Af q > \?f = \f q for every a G A Q>g , 
and so Af' 9 > z/, which is absurd. So 1.12(iv) holds for (3. 

Clause (c). Assume that q = pi(Ai). Since M. is 1-sound, for large 
enough a < k, 

KeH{^(aU Pl (M)). 

For such a, condition 1.12(h) rules out a being Af-pi(M)-reasonable. 

Clause (d). That a is <2^' 9 -p-reasonable follows from earlier lemmas. 
Suppose, to the contrary, that (3 is Q^-p-reasonable. It is easy to 
see that i^ ,q {f){a) = k. Also, i^' q = (j a , P ) Qs ■ But then, using the 
Claim in the proof of 1.17(a), we see that k G ran^p) 2 *' . This is 
a contradiction, since (3 violates 1.12(h) in the definition of Q^' q -p- 
reasonable. I Lemma 1.17 

Definition 1.18. Suppose that v G T and M. G M{v). Define 

e(Ai) = {ja,q(®) I ( a ,q) is .M-considered and s^ q = 0}. 

Note that e(M) is a finite set that may be empty. For each £ G e(u), 
define a(.M,C) to be the largest a such that (a, q) is .M-considered 
and ja t q(a) = £• Suppose that a = a(.M,£)- Define b(.M,C) to be 
the least j3 > a such that k = j a ,q(f)(o>) for some a G \[3] <UJ and 
some / : [a]' a ' — ► a. If / is least such that k = j a , q {f){a) for some 
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a G [b(M,C)] <UJ , then define A(M,() to be the tail of 5 G A a>q for 

T n + 

S(AU) = WI*eA(AU)}- 



which f e Jf. Let 



For any 8 G A(M,C), let Q(M, {,>$") = Q-T and Z(M,{,\? 






Note that 1.17(c) justifies the definition of a(At, C). We remark that 
if z/ G T0 and /i = crit^Ep^), then S{Jp(y > ,j{ix)) is a tail of B${v). 
The following lemma puts together some facts that we have already 
established. It is used, among other things, to justify the subsequent 
inductive definition. 

Lemma 1.19. Suppose that v G T, M G M(v), and ( G e(M). 
Assume that V is a limit point of S(Ai, £). Then the following hold. 

(a) S(Ai, C) is dub in v 

(b) o.t.(S(.M,C))<a(.M,C) + <« 

(c) a(M,C)<b(M,C)<« 

(c) Q(M,(,V)EM(V). 

(d) Z(MC,P)ee(e(M,C,F)) 

(e) a(A*,C) <a(Q(AU,*),Z(A4,C,F)) 

<b(Q(M,C,l7),Z(M,C,l7))=b(M,C) 

(f) 77 n 5(M,C)c5(Q(M,C,i7),^(M,C^)) 

Definition 1.20. We define a function C% with domain 

{(At, C) I M G Al(^) and C G e(.M) for some z/ G T} 

by induction on v. Suppose that v G V. Assume that we have defined 
C$ restricted to the set 

{(M, C) | M G Miv) and ( G e(M) for some V < v) 
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Then for M E M(u) and ( E e(M), we define Cq,(M, C) to be 

5(M,C) U \J{C $ (Q(M,(,v),Z(M,(:v)) \" eKm(S(M,())}- 



Lemma 1.21. Suppose that v ET, M E M(u), and ( E e(M). Then 
the following hold. 

(a) card(C (.M,C))<b(.M,C) + 

(b) Suppose that V is a limit point of S(Ai, (). Let Q = Q(A4, (,V) 

&nd( = Z(M,(,v)- ThenC 9 (Q,C)=V n C (-M,C)- 

(c) Suppose that V is a limit point of C${M.,C,). Then there are 
Q E M(V) and C G e(V) such that C (Q, () =FnCe(M,C). 

Proof of 1.21. 

Clause (a). By induction on v. By the definition of C$(Ai, (), Lemma 
1.19, and the induction hypothesis, C$(Ai,() is the union of at most 
b(.M,C) + many sets, each of size at most h(Ai,() + - Recalling that k 
is a limit cardinal, (a) follows. 

Clause (b). By induction on v. Assume that clause (b) holds for all 
v' < v. Suppose that 77 is a limit point of S(A4, (). 

If V is the greatest limit point of S(Ai,(), then by the induction 
hypothesis and the definition of Cq(M, Q, 

C 9 (M,Q = C d (QX) u (S(M,C) -v), 

and it is clear that clause (b) holds. 

Consider an arbitrary v 1 > V such that v' is also a limit point of 
S(M, C). Let Q! = Q(M,(, v') and (' = Z(M,(, V). By Lemma 1.19, 
v' n S(M,() £ S(Q', O- Thus V is a limit point of S(Q', ('). By the 
induction hypothesis, clause (b) holds at z/, and hence 

(*) c % (QX)=v n c (Q', CO- 



30 ERNEST SCHIMMERLING 

If v is a limit of limit points of S(Ai, (), then clause (b) holds by (*) 
and the definition of C^M, (). 

If v is not a limit of limit points of S(A4,Q, then take v' to be 
the greatest limit point of S(Ai,Q. Applying (■*-) to the definition of 
C<t)(Ai,Q again, we see that clause (b) holds. 

Clause (c). By induction on v. If V is a limit point of S(/A, C), then 
we are done by clause (b). So we may assume that there is a v' > v 
such that 1/ is a limit point of S(A4,Q- Let Q! = Q{M.,( ) ,v') and 
C = Z(M, C, v')- Then C (Q', C') = v' D C(M, C) by clause (b). So 77 
is a limit point of C$(Q! ', ('). By the induction hypothesis, there is an 
M E M(u) and C G e(AT) such that 

Q(Q,C) = Fnc (Q',c , )=^nc (^,C), 

so we are done. ■ Lemma 1.21 

In the next few lemmas and definitions we are mainly concerned with 
the case s aA 7^ 0. 

Definition 1.22. Suppose that v G T and M. g M.{y). Suppose that 
(a, q) is .M-considered and that 5 G A Qj9 . We say that 8 is F a)(? -closed 
if and only if for every x C a, if there are a G [5] <w and f E Jf such 
that x = j a ,q(f)(a U s a ,g), then x G J^. 

Note that Definition 1.22 is consistent with Definition 1.5. The fol- 
lowing lemma is proved as was Lemma 1.6. 

Lemma 1.23. Suppose that v G T and M. g M.{v). Suppose 
that (a, q) is 7W-considered and that 5 G A Q(? is F a9 -closed. Then 

r«(er) = »r(piM*)))- 
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If v G r_,0 with fj, = crit(Epr v )), then we defined $ Mi to be the tail 
of the F^-closed 8 in A^g such that /i is switching for Q^' . (This is 
Definition 1.9 in the "new notation" .) And we defined B^%{y) = {A^' 
8 G Qfi,®}- For consistency with the definition in the next paragraph, 
let us, in this case, put ®(Jp(y),n) = $ M ,0 and C-^{J^ V ), n) = B-q{v). 

Now suppose that 7 G V and that M. G M.{y). Suppose that a G SC. 
Put q = r a (M). Suppose that a is .M-g-reasonable, and that a is 
switching for Ai. In particular, s a>q 7^ 0. Suppose that A = {8 G 
A Q>9 I 8 is F ai g-closed} is club in 8 aA . Suppose that for sufficiently 
large 8 in A, we have that a is switching for Q^' q . In that case, we let 
$(.M, a) be the tail of 8 in A for which a is switching for <2^' 9 , and we 
put 

C^(M,a) = {\? q \8e$(M,a)}. 

Let us say that a is .M-critical if and only if C^(Ai, a) is defined 
(that is, if it is defined by one of the two cases above). There are only 
finitely many .M-critical a for a given Ai, since to each critical a, we 
can associate a distinct partition of pi(Ai). The following is an easy 
consequence of Lemmas 1.16(b), 1.23, and the definitions just given. 

Lemma 1.24. Suppose that v G T and At G M.(v). Suppose that a 
is .M-critical and that V is a limit point of C^(Ai, a). Say V = A 



a.q 
5 1 

where q = if a = \x , and g = r a (At) otherwise. Then a is Q^ ,q - 
critical and 

C^(Qf q ,a)=vnC^(M,a). 

We are finally ready to write down our D K<a; (r) sequence, T. If 
v G rteii, then 

T{v) = {B hull (u)} u {C $ (M,0 I M e M(^) A C e e(M)} 

U {C^(M,a) I 7W G M(i/) A a is .M-critical} 
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If v G T triv , then 

Tiy) = {B triv (u)} U {C 9 (M,Q I M G M(u) A(G e(M)} 

U {C^(M,a) | .M G «M(^) A a is A-f-critical} 

If v e Tuft, then 

^(j/) = {Gd(M,0 \MeM{y) a C e e(A*)} 

U {C^ (A<,a) | .M G .M(^) A a is ^-critical} 

That JF witnesses D K<Li; (r) now follows easily from our various lem- 
mas and observations; we emphasize just a few points. First, we claim 
that each T[y) is non-empty. This is visibly so if v G T^uii U T triv , 
so suppose that v G r^/ t . Let fj, = crit(£ , / g( jy )) and j : L[E] — ► 
ult(L[E],Ep( u )). If 7 G I\ , then /j, is J^-critical, so C^{J^ V ), (j) 
is defined. If 7 G r , then ^(/f) G e(J/3(y)) and C®(J/3( v ),j((J,)) is 
defined. Second, we claim that T{y) is finite. This is because M.(v) 
is finite, and e(M) is finite whenever .M G .M(^), and there are only 
finitely many TVf-critical ordinals. Third, each element of T{y) is a 
club subset of v of order type at most k. This is essentially a con- 
sequence of Lemma 1.16 and Lemma 1.21(a). Finally, the coherence 
property, Definition 0(d), holds for sets C G F{y)- If C G T&n(B hu u), 
then this follows from §2 of |Sch|| . If C G Ta,n(B triv ), then there is noth- 
ing to check, since o.t.(C) = to. If C G ran(C*0), then we quote Lemma 
1.21(c). And if C G ran(C-,0), then use Lemma 1.24. ■ Theorem 1 
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